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Abstract

Let K be a mixed-characteristic local field. For an integer m > 0, we denote by K" /K the maximal
m-step solvable extension of K, and denote by G% the maximal m-step solvable quotient of the ab-
solute Galois group Gk of K. We regard Gk and its quotients as filtered profinite groups, equipped
with the respective ramification filtrations (in upper numbering). It is known from Mochizuki’s pre-
vious result that the isomorphism class of K is determined by the isomorphism class of the filtered
profinite group Gg. In this master’s thesis, we prove that the isomorphism class of K is determined
by the isomorphism class of the maximal metabelian quotient G% as a filtered profinite group, and
furthermore, that K™ /K is determined functorially by the filtered profinite group G%*z (resp. G%J’S)
form > 2 (resp. m =0, 1).
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Part 1
Introduction

1 Anabelian geometry and field arithmetic: A brief history

Anabelian geometry is a branch of arithmetic geometry that studies how the arithmetic information of
a geometric object X is encoded in its (étale) fundamental group. The central philosophy, originally
proposed by A. Grothendieck [6], is that certain geometric objects of an “anabelian” nature should have
characterizations in the language of fundamental groups. This translates to the principle that a field k of
a certain type should be determined by its absolute Galois group G (as a topological group), by setting

X = Speck.

The celebrated theorem of Neukirch-Uchida—which existed even before the term “anabelian™ was
coined—is one of the first validations of this philosophy. The theorem states that number fields can be
determined by their absolute Galois groups [23, Corollary 2], i.e., for two number fields F, and F,, it
holds that

F,=F, &  Gr, 2Grp,.

This remarkable result naturally led to investigations into the analogous statement in a local setting. That
is, for two mixed-characteristic local fields K, and K., it holds that

2
K.=2zK. & Gg, =Gg,.

It is known that this statement does not hold in general (cf., e.g., [2] for a counterexample). However,
by attaching additional structures to the absolute Galois groups, S. Mochizuki [[14] proved Theorem ,
which implies that

K, =K. & Gk, =a Gk,

where =g means that the two objects are isomorphic as filtered profinite groups. (For the definition of
filtered profinite groups and isomorphisms between them, cf. p. f§. Here, the Galois groups are regarded
as filtered profinite groups by the ramification groups in upper numbering.) Later, V. Abrashkin [[1]], [2]
extended this result—yet with a different method—to the case of general local fields (including equal-
characteristic local fields).

On the other hand, the question of whether results analogous to the theorem of Neukirch-Uchida
hold for various quotients of absolute Galois groups has been extensively studied. For number fields,
Saidi-Tamagawa [[18] showed that number fields can be characterized by their maximal m-step solvable
quotients (cf. p. E) for m > 3. That is, for number fields F, and F,,

~ 3 o 3
F,=zF, & GFO=GF.,

where G™ denotes the maximal m-step solvable quotient of a profinite group G. Their work demonstrated
that these quotients, despite carrying less information than the full absolute Galois group, still retain
enough arithmetic information to determine the field structure.

2 Main results

One of the principal results of this master’s thesis is as follows: For two mixed-characteristic local fields
K, and K,,
KoK, & Gy = Gg..

Let us begin by recalling Mochizuki’s result. Let K, (resp. K,) be a mixed-characteristic local field
of residue characteristic pg, (resp. pg,). For each O € {o, e}, we fix an algebraic closure Kglg of K,



and regard the absolute Galois group Gk, = Gal(l(glg /Kg) of Ky as a filtered profinite group by the
ramification groups in upper numbering. Suppose we are given a field isomorphism f: K, — K,. Then
we have px. = pk. (= p) (cf, e.g, §B) and f is, in particular, a Q-algebra isomorphism. We can
choose an isomorphism 6: K¢ — K¢ that extends £, which defines an isomorphism

GKOiGK_; o f0ogof!

of profinite groups. One can check that the above isomorphism respects the filtration by using the fact
that f preserves the p-adic valuation. We denote by

n(f) € Outsy(Gk,, Gk,) = Inn(Gg,)\Isomg(Gk,, Gk, )

the equivalence class of the above isomorphism modulo inner automorphisms of Gg, (i.e., the outer
isomorphism defined by the above isomorphism). Here, Isomg(Gg,,Gk,) (resp. Outsy(Gk,,Gk,))
denotes the set of isomorphisms (resp. outer isomorphisms) G, — G, of filtered profinite groups. We
see that ( f) does not depend upon the choice of the extension 6; therefore, we obtain a natural map

n: Isomq, ag(Ko, Ke) — Outan(Gk,, Gk.)-

Theorem 2.1 (Mochizuki [[14, Theorem 4.2]). The map n is a bijection. Equivalently, for an isomorphism
a: Gk, > Gk,
of filtered profinite groups, there exists a unique isomorphism 6 Kf,ﬂg — Kflg such that
a(c)=0o0of!

for every o € Gg.. In particular, we have an isomorphism 0|k, : K, — K. o

Theorem @ can be considered as one form of the Grothendieck Conjecture for mixed-characteristic
local fields: The above theorem implies that the isomorphism class of a given mixed-characteristic local
field K can be determined functorially from the isomorphism class of its absolute Galois group Gk (as a
filtered profinite group).

We now turn to the results of Saidi-Tamagawa. As mentioned in the previous section, their results
refine the theorem of Neukirch-Uchida by focusing on the isomorphisms between the maximal m-step
solvable quotients G and G, which carry less group-theoretic (and hence arithmetic) information

compared to the full absolute Galois groups G, and GF,, for two number fields F, and Fi,.

Theorem 2.2 (Saidi-Tamagawa [[18, Theorem 1]). Assume that there exists an isomorphism
As: Gy, = G,
of profinite groups. Then there exists an isomorphism h: F, 5 F.. o
Let k be a field. For an integer m > 0, we denote by k™ /k the maximal m-step solvable extension of

k, i.e., the subfield of kP fixed by
Ker (G - G}),

so that G} = Gal(k™ /k).
Theorem 2.3 (Saidi-Tamagawa [[18, Theorem 2]). Let m be an integer > 0. For an isomorphism A, 14: G?:’“ —
G’Iff'+4 of profinite groups, there exists an isomorphism O 41 : F*' — F™*1 such that

Am+1(0-) =0Oput1000 @r_n{l-l

for every o € G;”l, where A, G’Iff” — G;“l is the isomorphism induced by A,;+4. Moreover,

3



e ifm > 1, the isomorphism O, is uniquely determined by Ay;+4;

o if m =0, the isomorphism Oy, 11|F,: Fs — Fo is uniquely determined by A,4.

The statement of Theorem @ lacks functoriality, meaning that there is no clear description of how
A3 and h are related to each other, which makes it a weak bi-anabelian result. In contrast, the isomor-
phism class of a given number field F is functorially determined from the isomorphism class of G‘; in
Theorem P.3; hence one might claim that Theorem 2.3 is a strong bi-anabelian result.

We proceed to the local counterpart of these theorems by stating the main results in their precise form.
For a mixed-characteristic local field K, we again regard G% = Gal(K™/K) as a filtered profinite group
by the ramification groups in upper numbering. Let K, and K, be two mixed-characteristic local fields.

Theorem 2.4. Assume that there exists an isomorphism
a: G%(o N G%(‘
of filtered profinite groups. Then there exists an isomorphism f: Ko — K. o

Theorem 2.5. Let m be an integer > 0. For an isomorphism
iz G — G

of filtered profinite groups, there exists an isomorphism 6,41 : K™ — K" such that

-1
m+1

Um1(0) = 0100080
Jor every o € G%“, where ay,41 : G%“ — G'K"+1 is the isomorphism induced by a,,+3. Moreover,
(i) if m > 1, the isomorphism 0, is uniquely determined by a3,

(it) if m = 0, the isomorphism 0,41\, : Ko — K, is uniquely determined by @, +3.

In light of the developments so far, Theorem @ and Theorem @ can be viewed as
* local analogues of Theorem .2 and Theorem B, respectively;

* refinements of Theorem . 1| for maximal m-step solvable quotients (m > 2).

| Neukirch-Uchida |
/ \

local analogue m-step solvable version (m > 3)

— ™~

Mochizuki [14] | | Saidi-Tamagawa [ sﬂ
\ /

m-step solvable version (m > 2) local analogue

~. —

Theorems and




In parallel with the results of Saidi-Tamagawa, one could claim that Theorem @ is a weak bi-
anabelian result, and Theorem B is a strong bi-anabelian result, since the isomorphism class of a given
mixed-characteristic local field K is functorially determined from the isomorphism class of G% (as a
filtered profinite group) in Theorem

We prove Theorems @ and in Part @, §E. The proof of Theorem @ can be thought of as an
application of p-adic Hodge theory. In fact, we implement only a few adjustments to the method developed
by Mochizuki. For instance, in §|], we show that the Hodge-Tate numbers of a given abelian p-adic
representation of Gk can be determined by using only the invariants of K recoverable from the filtered
profinite group G%; this is a sharpening of the preceding result due to Mochizuki []14, Corollary 3.1].

For some of the invariants of K that we use in the proof, we will give explicit group-theoretic al-
gorithms (cf. [[7, §3]) to demonstrate that those invariants can be recovered entirely from the (filtered)
profinite group structure of G for some m > 1in §§ and B The reader will further observe that some of
those invariants can be recovered even without the filtration attached to the profinite group G%, although
the filtration is essential when we endow the G%—module K!-* with the pg-adic topology, which forces us
to keep the additional conditions on filtration in Theorems @ and @ (see Theorem p.3 for more details).

3 Terminology and notation
Sets, topological spaces and numbers.

* For a set X, we shall denote by | X| the cardinality of X.
« For a topological space X and a subset ¥ C X, we shall denote by Y the closure of ¥ in X.

* We shall denote by Primes the set of prime numbers.
Groups.

» For a group G and a set X on which G acts (on the left), we shall denote by X% the subset of
G-invariant elements of X.

» For a group G and a G-module M, we shall write H' (G, M) for the i cohomology group of G
with coefficients in M.

* For a group G and a subset S C G, we shall denote by Z;(S) the centralizer of S in G, and write
Z(G) = Z;(G) for the center of G. We shall say that G is center-free if Z(G) is trivial.

* For a group G, we shall denote by G (or G™) the profinite completion of G. For a group homo-
morphism a: G; — G,, we shall denote by @ (or @”) the canonical homomorphism G; — G;
induced by a.

» For a profinite group G and a set of prime numbers ~ C PBrimes, we shall denote by GP* the
maximal pro-X quotient of G. For a prime number £, we shall denote by GP™¢ (resp. GPrime-to-¢)
the maximal pro-€ (resp. pro-prime-to-{) quotient of G. For a homomorphism a@: G; — G, of
profinite groups, we shall write a2 (resp. P, resp. aP"'™me-¢) for the homomorphism

Gllaro-)? N Ggro—Z (I‘CSp. Gll)ro-f N Ggro—f, resp. G}])rlme—to—f N Ggrlme—to—f)
induced by a.
Rings and modules.

» Throughout this master’s thesis, the term ring shall mean a commutative ring with identity element.
For a ring A, we denote by A* (resp. A*) the additive (resp. multiplicative) group of A.



* For an abelian group M and an integer n, we shall denote by My, (resp. M [n]) the torsion (resp.
n-torsion) subgroup of M. We shall write M ;. for the module M / M.

* For a prime power g, we shall denote by F,, the finite field of order q.

¢ For a prime number p, we shall denote by Z, (resp. Q),) the ring of p-adic integers (resp. field of
p-adic numbers).

e For a field k, we shall denote by Primes, , C Primes the set of prime numbers invertible in k.

* We shall denote by Z the ring of profinite integers, i.e., the ring [, eqrimes Zp- For a field k, we
shall write Zx/k for the maximal pro-Primes, ;. quotient ofz.

» For a field k, we shall denote by u, (k) = k*[n] the group of n roots of unity in k.

» For a field k, we shall fix an algebraic closure k¥# of k, and denote by k%P C k¢ the separable
closure. A field k is said to be perfect if k5P = k%2,

Representations of profinite groups.

* Let £ be a prime number. We shall say that V (resp. T) or (p,V) (resp. (p,T)) is an {-adic
representation (resp. a Zg-representation) of a profinite group G, when V (resp. T) is a Q,-vector
space (resp. free Z,-module) of finite dimension (resp. rank) equipped with a continuous group
homomorphism

p: G — Autg, (V) = GL4(Qr) (resp. p: G — Autz, (T) = GL4(Zy)),
where d denotes dimg, (V) (resp. rankz, (7).

* For a Galois extension //k, we shall denote by Gal(l//k) the Galois group of l/k, and write G, for
the absolute Galois group Gal(k*P/k) of k. Unless otherwise stated, each Galois group will be
endowed with the Krull topology, and hence regarded as a profinite group.

¢ For a field k, we shall write

Xeyelk: G = AUt(yLn,un(ksep)) (= (zx/k)x)

n

for the (Primes, /i -adic) cyclotomic character of k. (The inverse limit is taken over the integers
n > 1 whose prime factors belong to Primes, ;;.) For £ € Primes, /., we shall write

(2 x
chcl,k 1 G — Zt’

for the £-adic cyclotomic character of k, i.e., the £-part of xcyel k-

4 Preliminaries

Filtered profinite groups. Let G be a profinite group, and let I C [0, +c0) be a closed interval. We
call a family {G(v)},¢[0,+00) (tesp. {G(v)},¢) of closed normal subgroups of G a filtration (resp. an
I-filtration) of G, if G(v1) 2 G(vy) for any v, vy € [0, +00) (resp. vy, v2 € I) with vi < vp. We say that
G is a filtered (resp. an I-filtered) profinite group if a filtration (resp. an /-filtration) is attached to it.

Let G., G, be filtered (resp. I-filtered) profinite groups. We shall say that an isomorphism a: G, —
G, (of profinite groups) is an isomorphism of filtered (resp. I-filtered) profinite groups if

a(Go(v)) = Go(v)



forall v € [0, +o0) (resp. v € I); we denote by
Isomi (Go, Go)  (resp. Isomy i (Go, Go))

the set of isomorphisms of filtered (resp. /-filtered) profinite groups from G, into G,. Note that the group
Inn(G.) of inner automorphisms of G acts on Isomgy(Go, Go) (resp. Isomy 1 (Go, Go)), since Go(v)
is a normal subgroup of G, for each v. Hence we can define the set of outer isomorphisms G, — Go:

Outﬁlt(Go, Go) = Inn(Go)\Isomﬁlt(Gm Go) (reSP- Outl-ﬁlt(Go, Go) = IHH(G.)\ Isoml-ﬁlt(Go, Go))

Mixed-characteristic local fields. We shall say that K is a mixed-characteristic local field if it is a finite
extension of Q,, for some prime number p. Given a mixed-characteristic local field K, we write:

* Ok for the ring of integers of K

» pk for the (unique) maximal ideal of Ok;

e ordg : K* — Z* for the normalized discrete valuation on K

* Uk = Uk(0) for the unit group O¢ of Ok;

 Uk(n) for the n higher unit group 1 + p of Ok (n € Z5y);

o fx for the residue field Ok [pk of K

* pg for the residue characteristic of K, i.e., the characteristic of fx;
* gx =1 (resp. ex = 2) if pg is odd (resp. even);

ak )th

* ak for the largest integer > 0 such that K contains a (p%/

root of unity;
* d for the absolute degree [K : Q] of K;

* ek for the absolute ramification index of K, so that pxOg = p';{;

* fx for the absolute inertia degree g : F ), ], so that [fx| = péK, and dx = ek fk;

* YK = Xé;;’i;(: Gk — Zj,, for the pk-adic cyclotomic character of K;

« K" for the maximal unramified extension of K in K&,
o K¢ for the maximal tamely ramified extension of K in K¥¢;

* Frobk € Gal(K""/K) for the arithmetic Frobenius of K, so that Frobg + (-) | under the natural
isomorphism Gal(K""/K) — Gy, and Gal(K""/K) = Frob%+ SYAS

For more details on (mixed-characteristic and general) local fields, cf., e.g., [4], [10], [[12], [16], [21].

Ramification groups in upper numbering. For a mixed-characteristic local field K and any Galois ex-
tension F/K contained in K¥¢, the Galois group G = Gal(F/K) is a profinite group equipped with the
filtration defined by the ramification groups in upper numbering (cf. [21, Chap. 1V, §3]); we denote
by G(v) the v ramification group for a real number v > 0. The upper numbering is compatible with
quotients: If NV is a closed normal subgroup of G, then

(G/N)(v) =G(v)N/N )]



for all v > O (cf. loc. cit.). Therefore, given a fundamental system ./ of neighborhoods of the identity
element consisting of open normal subgroups of G, we have a natural isomorphism

G(v) = lim (G/N)(v) Q)
New

of profinite groups. Note that
G(0) = Gal(F/(F nK")),
U G(v) = Gal(F/(F n K™™eY),

v>0

i.e., G(0) (resp. G(0+) := U,-9 G(v)) is precisely the inertia subgroup (resp. wild inertia subgroup) of
G. (See also loc. cit., Exercise 1.)

Suppose that L/K is a finite Galois subextension of F/K. We set H := Gal(F/L), so that G/H =
Gal(L/K). We define the function ¢ = ¢k : [0, +o0) — [0, +00) as the inverse function of

y(v) =yr/k(v) 32/0‘ ((G/H) : (G/H)(w)) dw.

It is clear from () that ¢ and i are determined by the groups H, G, and G (v) for v > 0. Suppose that N
is an open subgroup in H, and that N < G. One can easily verify that

(H/N)(w) = (H/N) 0 (G/N)(¢(w))

for all w > O (from, e.g., loc. cit., Proposition 15), and derive the following lemma from (E).

Lemma4.1. For a real number w > 0, the w" ramification group H(w) of H is determined by the groups
H, G, and G(v) for v > 0: We have

H(w) =lim {(H/N) N (G/N)(¢(w))}
N

as a subset of H = @N (H/N), where N runs through the open subgroups of H such that N < G. o

Solvable quotients of profinite groups. For a profinite group G, we denote by [G, G] the closed subgroup
generated by the commutators of G, i.e., the elements of the form otro~ 7! where 0,7 € G. We
inductively define the decreasing sequence

G=Gll oglllo...oqglml 5 ...

of closed normal subgroups of G, by G!"+!l = [GIm] GIm]]. Note that G are characteristic sub-
groups of G, i.e., every automorphism of G restricts to an automorphism of G "}, We say that a profinite
group G is m-step solvable (resp. abelian, resp. metabelian) if GI"™! (resp. G, resp. G?1) is trivial.
We denote by G™ the quotient G /G, and call it the maximal m-step solvable quotient of G. We will
often write G* (resp. G™) instead of G! (resp. G?), and call it the maximal abelian (resp. metabelian)
quotient or abelianization (resp. metabelianization) of G.

For a field k, we shall denote by k™ (resp. k%, resp. k™) the subextension of k*P/k fixed by
G,[cm] (resp. G[l], resp. G]Ez]), and call it the maximal m-step solvable (resp. abelian, resp. metabelian)
extension of k. In particular, we have

G = Gal(k™[k), G =Gal(k®/k), G} =Gal(k™™/k).



Definition 4.2. Let m be an integer > 0, and let G be a profinite group. We shall say that G is a profinite
group of MLE- (resp. MLF"-, resp. MLF®-, resp. MLF™®.) rype if there exists an isomorphism of
profinite groups between G and G (resp. G™, resp. G2, resp. G%ab), for some mixed-characteristic
local field K. We define filtered and I-filtered profinite groups of MLF- (resp. MLF™-, resp. MLF2-,
resp. MLF™®_) type for a closed interval I C [0, +c0) in a similar way. o

We prove the following lemma for later use.

Lemma 4.3. Let m, n be integers > 0.

(1) Let I be a profinite group, H an open subgroup of

'™ containing

(rm+n)[m] = Ker (rm+n N Fm) — I—v[m]/l—-[m+n].

If we denote by H the inverse image of H under the natural surjection I’ = I'™*", then the natural
surjection H" —» H'" is injective.

(2) Let k be a field. For a finite extension |k, we have

Proof.

€]

G} = Gal(K™" /)"

if | is contained in k™. In particular, if G is a profinite group of MLF"*"-type (i.e., G = I'"*" for
some profinite group I' of MLE-type), and H is an open subgroup of G containing G, then H"
is a profinite group of MLF"-type.

Since the natural surjection H - H = H/I'"*"] induces an isomorphism
Alrlplminl plmanl — glnl(glnl q plmenly 2 (A/rtmnlyinl]

we have a natural isomorphism H/A"Irtm+nl 5 g 1t follows from the hypothesis that A 2
'™l (and that A" o rm+n1) and hence the assertion holds.

(2) Apply (1) to the case I" = Gy, H = Gal(k"*" /).
O

Remark.
(1) If G is a profinite group of MLF-type, G is prosolvable [21], Chap. 1V, Corollary 5 of Proposition

(@)

7]; hence

(6™ = {1},

m>0

However, G itself is not solvable, i.e., GI™! # {1} for every m > 0. This can be seen from the
fact that, for every prime number p, the wild inertia subgroup of Gq,, is isomorphic to a free pro-
p group of countably infinite rank [|17, Proposition 7.5.1], which is not solvable. Therefore, the
sequence {G[’"] }m>0 is strictly decreasing.

Let G be a profinite group of MLF"”-type for some integer m > 0. If we denote by m(G) the
minimal integer n such that G1*! = {1}, then m = m(G). In other words, m(G)—which is group-
theoretically determined from the profinite group G—is the only integer m > 0 for which G is a
profinite group of MLF"-type: Assume that G = G% for some mixed-characteristic local field K
and an integer m. Then obviously GI"! = {1}, and it is clear from (1) that G # {1} if n < m.

Thus m(G) equals m by definition.



Part 11
The m-step solvable anabelian geometry of
mixed-characteristic local fields

Let m be an integer > 1, and let K, K, K. be mixed-characteristic local fields. In Part @ we work with (a
(filtered) profinite group isomorphic to) the maximal m-step solvable quotient G of the absolute Galois
group G, providing an analysis of what arithmetic information about K is retained by G7, e.g.,

e In §B, we show that px, dk, ex and fx can be determined entirely group-theoretically from the
profinite group G??, and establish a group-theoretic algorithm that recovers yx from the profinite
group G%‘"‘b.

* In §B, we determine group-theoretically the inertia and wild inertia group of G%”. Then we re-
construct the G g-module K™* from the profinite group structure of G%“ , and recover its pg-adic
topology from the ramification groups attached to G’I?”.

With these results, we deduce the Hodge-Tate preserving property of an isomorphism G%fb — G}‘;f‘b of
filtered profinite groups (see §B): If
G??. — AthpK V) 3)

is an abelian Hodge-Tate representation and G%fb — Gflgi‘b is an isomorphism of filtered profinite groups,
then the composition
G — G — Autg, (V) 4)

is also a Hodge-Tate representation, where the first arrow is the isomorphism induced by Gmab Gmab
Moreover, the Hodge-Tate decompositions of the two representations (Q) and (E]) 001n01de In §E we
apply this result (in a manner essentially identical to that of Mochizuki) to establish the main theorems
(Theorems @ and ).

5 Restoration of the cyclotomic character

In the current section, we show that some invariants of a mixed-characteristic local field K (including the
pk-adic cyclotomic character yk) can be recovered “group-theoretically” from the maximal metabelian
quotient G%ab of Gg.

Suppose that G is a profinite group of MLF®-type, i.e., there exists an isomorphism G —s G"}? =
Gal(K® /K) of profinite groups for some mixed-characteristic local field K. We first observe the structure
of the group K*. Let & € K* be a uniformizer of K, i.e., an element such that px = 70k . Then we have
the isomorphisms of topological groups

KX =Ug 72" S Ug 0 7%,
Uk = Mjig|-1(K) - Ug(1) > (Z/(p -DZ)" e (Z/pF1) o (Z), ) EIK

(cf. [9, Chap. II, §2], [16, Chap. II, §5]). We recall from local class field theory (cf., e.g., [41, [9], [13],
[16], [20], [21], [26]) that the local reciprocity map (or local Artin map) Artg : K* — Gi}? fits into the
following commutative diagram (in which the rows are splitting exact sequences)

C ordg

1 > Uk > K> > Z7
= Atk |ug \LArtK lprob}g )

1 — G(0) — 62 Y Gakn/k) — 1

~
—_

Ay
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and yields an isomorphism of profinite groups
KX (2Uxk®Z") S G? (= G®(0) ® Gal(K™/K)),
by profinite completion. In particular, we have
G = (Z/(pfF - 1)Z)" ® (Z/pi¥L)* ® (Z5,)° & Z* )
as profinite groups. We denote by p(G) the uniquely determined prime number ¢ such that
1og,|G jior/C - G jior| = 2.
Furthermore, we set:
* &(G) =1 (resp. (G) = 2)if p(G) is odd (resp. even);
* a(G) = logp(G)l(GtOT)pro-p(G)l;
d(G) = 1ng(c;)|G/tor/P(G) : G/tor| -1
f(G) =1log,, ) (|(Gion)P ™o P ()| 1 1);

e(G) = d(G)/f(G).

Proposition 5.1. Let K be a mixed-characteristic local field. Then we have
Pk = P(Gz}gb), €k = 8(G??), ag = a(G‘}?),

dg = d(GL), ex = e(G®), fx = [(GD).

Intuitively speaking, pk, €k, ak, dx, ex and fx can be recovered entirely group-theoretically from
the profinite group G‘}?.

Proof. It follows from (B) that pg is the only prime number ¢ such that
10g€|(G??)/tor/€ . (G%))/tor| > 2.

Hence pg = p(G%’), gk = 8(G?g) and
d(G) =1og, (G| (GE) jor/ P(G) - (G puor| = 1 =108, (G o/ i (G porl = 1 = dlic.

We also see from () that the pro-prime-to-pg (resp. pro-pg) part of (G?'g)tor has exactly péK — 1 (resp.
p) elements. Therefore, we obtain the third, fifth and sixth equalities. O

Next, we give a reconstruction algorithm that takes as input a profinite group of MLF™®_type, say,
G, and returns (the isomorphism class of) a Z,-representation of G of rank 1, for each prime number ¢.
Suppose that there exists an isomorphism a@: G — G%ab of profinite groups for a mixed-characteristic
local field K. We start by choosing a decreasing sequence

G=HyoH;2---2H,D---

of open normal subgroups of G such that, for each v € Z,
(i) H[0"] = (2/0°D)*;

(ii) G/H, is abelian.

11



(Note that G acts on H2®[£”] by conjugation.) Such a sequence {H,}, exists: We can choose H, =
a1 (Gal(K™® /K (;v))), where {v is a primitive (£*)™ root of unity. It follows immediately that {H,},
satisfies the condition (ii). We can also verify that {H, },, satisfies the condition (i), using the local reci-
procity map

Artg (gt K({o) = G0

and the fact that
H2 = Gal(K™ /K (7)™ = G¥

K(&ev)?
which follows from Theorem @
We know from local class field theory that if Ly C K® is the field fixed by a(Hy) for each O €
{v, v + 1}, then the diagram

Art Ly

Hﬁb =,y \ Gal(Kmab/Lv)abzG}lE, L Li’<

e e !

~ Art
Hit_)'_l =,Qyp+1 : Gal(K[nab/Lv+1)ab — Gibw_l : Ly LX

v+1
commutes, where Ver is the transfer map (cf., e.g., [21], Chap. VII, §8], [24, §6.7]) and ay is the isomor-
phism of profinite groups induced by «@. Moreover, Arty_ restricts to an isomorphism Uy, — GaLbD (0),

and hence to an isomorphism peo(Lg) — G%bu [£€7]. Therefore, Ver restricts to an injective homomor-
phism H®[¢¥] — H® [£"*']; we identify H2®[¢£”] with a subgroup of H® [¢£¥*!] via Ver. (We will

v+1 v+l
see later that the transfer map Ver here is in fact an injective homomorphism—cf. Theorem @ 2).)

We have the inverse system
Oy pab vty O prabp vy (Y )y pab
- —— HY ["7] —— HP[V] > > H°[{]

v+1

¢
of G-modules induced by the homomorphisms H?}_’H L Hitjrl. By passage to the limit, we obtain

— 1 abr pv
T:(G) = lim HI[£"].

v

It will be implicitly shown in the proof of Theorem @ that the isomorphism class of the G-module
H&[¢] for each v (and hence the isomorphism class of 7;(G)) does not depend upon the choice of H,.
We shall write

x(G): G — Aw(T;(G)) (= Z})

for the £-adic character of G attached to T, (G), and we define y(G) as follows:
x(G) = PN (G).
Proposition 5.2. Let K be a mixed-characteristic local field.
(1) For each prime number €, there exists an isomorphism
Ze(1) > To(GR™)
of G};‘ab—modules, where L (1) denotes the first Tate twist of the trivial G%ab—module Z;.

(2) The cyclotomic character y factors through X(Gr;gab).

Intuitively speaking, xcye,x : Gk — Z* and Xk can be recovered entirely group-theoretically from
the profinite group Grlgab.

12



Proof. (1) We take a decreasing sequence
G%ab =Hgo2Hg12---2Hg, 2

of open normal subgroups of G%ab satisfying the above conditions (i) and (ii). We shall write L, for the
corresponding fixed field (K™®)#k. of Hy ,. By Theorem and the condition (ii), we have G’zbv =

H ??,v for each v, and thus we have a group homomorphism
ry = Arty, s LY — HY

It is implied by the condition (i) that L, contains the (£*)™ roots of unity. Moreover, it can be seen from
local class field theory that r,, respects the Gﬁab—action (cf. [4, Chap. 1V, (4.2)]). We obtain by restriction
the G%ab—module isomorphism

rv: (Z/O2) =) pp(Ly) = (Z/02)" =) HL L],
and the commutative diagram

e
Lx L}Lx

v+l v+1

\Lrv-H \Lrv+l

¢
ab ) s ab
HK,V+1 HK,V+1

of Gr;ab—modules. We also know from local class field theory that the diagram

c
Lé } L\>/<+1
\Lrv \Lrv+l

ab Ver s ab
HK, v HK, v+1

commutes. Hence we have the following commutative diagram:

(=) (=) ()" ()"
oo ——— ppvet(Lyy1) ——> pev(Ly) > . > e(Ly)
\Lgsrv+l \Léarv \Lgyrl .
(_)€ Hab €v+1 (_)€ Hab LY (_)[\ (_)f\ Hab l
' ? K,v+1[ | ? K,v[ | [ 7 K,l[ |

. . . . . . b
By passage to the limit, we obtain the following isomorphism of G g*-modules.

re=limry, s Ze(1) = limper (Ly) — T (G®) = 1<i_n_1H}1(b,V[€"]

4 4 14
(2) It is clear from (1) and Theorem @ O
Remark. Theorem @ can be considered as a local analogue of [|18, Proposition A.9]. o

6 Ramification groups in upper numbering

We keep the notation and hypotheses of §. In this section, we recover the G x-module structure of K>+
and its pg-adic completion from the filtered profinite group G‘I‘;ab.

Assume that G is a profinite group of MLF"*!-type for an integer m > 1. It follows directly from
Theorem @ that if H is an open subgroup of G containing G|, then H*® is a profinite group of MLF?°-
type. We denote by 7(G) the intersection of open subgroups H such that H 2 G and e(H®) = ¢(G™).

We also denote by P(G) the (necessarily unique) pro-p(G2)-Sylow subgroup of I(G).

13



Lemma 6.1. Let K be a mixed-characteristic local field, and let m be an integer > 1. Then the inertia
group (resp. wild inertia group) of G’K"+l equals 1 (G"K“l) (resp. P(G%*l) ). In particular, the inertia
group (resp. wild inertia group) of GZ” can be determined entirely group-theoretically, without the
additional information on filtration. o

Proof. Keeping in mind that every unramified extension of K is abelian, one checks by using Theorem B
and Theorem p. ]| that the open subgroups of G’g” containing / (Gﬁ“) are precisely the ones correspond-
ing to the finite unramified extensions over K; hence [/ (Gg”) equals the inertia group. Since the wild
inertia group is nothing but the unique pro-p g-Sylow subgroup of the inertia group (For the finite order
case, see [21], Chap. IV], Corollaries 1 and 3 of Proposition 7. One easily reduces to this case, since wild
inertia groups are compatible with quotients, cf. loc. cit., Exercise 1 of §2.), the assertion on the wild
inertia group holds as well. O

Remark. If m is an integer > 2 and H is an open subgroup of G containing G2/, H?® is a profinite group
of MLF?®-type as remarked above. Hence in the case m > 2, one could alternatively define P(G) as the
intersection of open subgroups H such that # 2 G!2! and e(H?®)/e(G®) is coprime to p(G®®): Keeping
in mind that every tamely ramified extension of K is metabelian, one checks as in the above proof that the
open subgroups of G'K"+l containing P(G%“) are precisely the ones corresponding to the finite tamely
ramified extensions over K. Thus P (G’}<"+1) equals the wild inertia group of Gﬁ“. o

Once again, let G be a profinite group of MLF"*!-type for an integer m > 1, and let %,,(G) denote the
set of open normal subgroups of G containing G ", ordered by reverse inclusion. For each H € %,,(G),
we denote by U(H) the image of H N P(G) under the natural map H - H?®, then we see that G acts on
U(H) by conjugation.

We first claim that, for Hy, H, € %,,(G) with H| 2 H», the transfer map Ver: H?b — H‘zlb restricts to
U(H;) — U(H), and that {U(H)} e, (c) forms a direct system of G-modules, together with V 5 =
Ver |y (u,): U(Hy) — U(H>) for each pair H; 2 H,. Suppose that there exists an isomorphism a: G —
G%” of profinite groups for some mixed-characteristic local field K, and that, for each 0 € {1,2},
the image of Hy equals Gal(K™*!'/Lg), where Ly/K is a finite Galois subextension of K /K. Note
that Gal(K™*'/Lo)?® = G?Z by Theorem B (and hence H? is of MLF®-type). The isomorphism

ag: H® — Gal(K™*'/Lg)® induced by « indeed fits into the following commutative diagram:

o~ Art
Héllb =, Gal(Km+l/Ll)ab — Gibl rty, Li(

e e I

~ Art
H;lb —,(125 Gal(Km+1/L2)ab — szz rtr, L;

We see from Theorem p. 1| that H; N P(G) € G is mapped onto
Gal(K™'/Lo) N P(G'#*') = Gal(K™*! /La) N G (0+) = Gal(K™*!' /L) (0+)

under a; hence U(Hg) € HY is mapped onto G;bn (0+4) under ag. Therefore, it suffices to show that the
middle vertical arrow restricts to G?E 0+) — G?_t; (0+). But by local class field theory and the theorem of
Hasse-Arf (cf. [21, Chap. V]), Ur_(1) is mapped onto Gi‘; (0+) under the local reciprocity map Arty,_,

and hence
Ver(G3> (0+)) = Ver(Arty, (U, (1)) € Art, (UL, (1)) = G (0+).

In particular, the restriction of Art;_ to Ur (1) — G?_bn (04) is an isomorphism. It follows immediately
that {U(H)}pes,, (G) is a direct system induced by the direct system {Up (1)}, k., where L/K runs
through the finite Galois subextensions of K™ /K; each U(H) is a (topological) Z,-module of finite rank,
where p := p(G®) = pg. Hence we obtain a direct system {U(H) ®z, QP}He%m(G) of G-modules; we
set
K"H(G) = lim (U(H) ®z, Qp) .
He%,(G)

14



Proposition 6.2. Let K be a mixed-characteristic local field, and let m be an integer > 1. Then there
exists an isomorphism

km,+(G2+l) = Km,+

of G%” -modules. o

Speaking from an intuitive level, the G !_module K™ * can be recovered entirely group-theoretically
from the profinite group G%“.

Proof. Let Hy = Gal(K™*'/Lg) € 7,,(G"*') for each 0 € {1,2}, and assume that H, 2 H,. By
construction, U(Hg) = Gal(K"™*!'/Lg)™®(0+) = Gibm (0+). The pk-adic logarithm (cf. [|16, Chap. 1I,
§5], [[10, Chap. 1V, §2]) gives the following commutative diagram

113

E,Artil log
szl (0+) ®ZPK QpK —1) ULl(l) ®ZPK QpK > L'l"

\LVI 2®id \Lg@ id \Lg (6)
E,Art_]

L L
G (0+) ®z,, Qpx — UL, (1) 8z, Qpx ——— L}

113

of G?”—modules. By passage to the limit, we obtain the desired isomorphism

km,+(Gz+1) = h_r>n (G;‘}’(O+) ®Z,, ka) 5 K™t = h_r)nL+,
L/K L/K

where L/K runs through the finite Galois subextensions of K" /K. O

For an infinite algebraic extension F'/K, we shall denote by € or € (F) the pg-adic completion
of F, and often write C,,, instead of €gue. In [14, Proposition 2.2], it is shown that the isomorphism
class of G g-module C;; « can be recovered group-theoretically from the filtered profinite group Gg; we
will prove an “m-step solvable analogue” of this result. To do so, we further assume that G is a filtered
profinite group of MLF"*!_type for an integer m > 1, i.e., there exists an isomorphism of'': G — GTI
of filtered profinite groups for some mixed-characteristic local field K.

For any closed normal subgroup N of G, we shall equip G/N with the filtration defined by

(G/N)(v) == G(v)N/N

foreach v > 0.
Suppose that H € %#,,(G). Then there exists a finite Galois subextension L/K of K" /K such that
o' (H) = Gal(K™*'/L). We define the functions ¢,y : [0, +00) — [0, +00) by

() = /O (GIH) - (GJH)(w)) dw,

¢ (w) =g (w).
We regard H as a filtered profinite group by setting

H(w) = lim {(H/N) 0 (G/N)(¢u(w))} (Q H = li(LIFI(H/N))
N N

for each w > 0, where N runs through the open subgroups of H such that N < G. As a direct consequence
of Theorem [£.1], | ;;: H — Gal(K™*!/L) is an isomorphism of filtered profinite groups.

We denote by U(H, w) the image of H(w) under the natural map H —» H®. Then we see that G
acts on U(H, w) by conjugation. We claim that, for H, H, € %,,(G) with H; 2 H,, the transfer map
Ver: Hi‘*b — H;b restricts to

U(Hy,&(G)e(H™)) — U(Ha, £(G)e(H3)),
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and that if we denote by U’ (H) the group U(H, &(G)e(H™)) for each H € ¥#,,(G),

U (H)}Yhew, )

forms a direct system of G-modules, together with V| , := Ver |y g,y : U'(H1) — U’ (H>) for each pair

H, 2 H,. Suppose that, for each 0 € {1,2}, the image of Hy equals Gal(K"*!/Ly), where L5/K is a
finite Galois subextension of K™ /K. Then the isomorphism «fil': H® — Gal(K"*!/L5)® induced by
o' fits into the following commutative diagram:

= ofilt Artr,

H® Uy Gal(K™+! /L) = G L L
1 Ly 1

lVer \LVer \LQ
~ pfilt
L X

ab % Gal m+1 ab _ Gab
H2 H a (K /L2) - L, % 2

As we have seen above, Hy(w) is mapped onto Gal(K™*!/Lg)(w) under a'|y for all w > 0; thus

U’(Hg) € H® is mapped onto Gi‘; (£(G)e(H™)) under o', Therefore, in order to prove the claim, it
suffices to show that the middle vertical arrow restricts to

GaLb1 (exer,) — G‘}f’z (eker,).

We have

£xer, exer, _ [.er,/eL; \®K°L1  eker,
< (pL1@L2) b= (p

Ly L YL,

and it follows that Uy, (exer,) € Ur,(eker,). Together with the fact that Artz_ restricts to an isomor-
phism Ur_(w) — GaLbD (w) for all w > 0 [20, p. 155, Theorem 1], we conclude that

Ver(G (exer,)) = Ver(Artr, (Ur, (sxer,))) € Artr, (Ur,(sker,)) = G (eker,).

Therefore, we obtain a direct system {U’ (H)} g e, () of G-modules in a way similar to the way in which
we obtained {U(H)} yeg,, (G)- We againput p = p(G®) = pk. Note that, for each H € %,,(G) and the
subextension L/K fixed by of'(H), the natural map Uy (exer) — Ur(1) ®z, Q) (and hence the natural
map U’ (H) — U(H) ®z, Q)) is injective since UL (ekey) is contained in the non-torsion part of UL
(as eger > er/(p — 1) and the p-adic logarithm restricts to an isomorphism Uy (exer) — pi’(“). We
identify U’(H) with a submodule of U(H) ®z,, Q; we set

(@) =p~@ | lim U] k™G = lim (UH) €z, Q).
Hedn(G) HeZ (G)

Ein(G) = (lim (07 (G)/p" 01w (G)) | €2, Qp.

n

Proposition 6.3. Let K be a mixed-characteristic local field, and let m be an integer > 1. Then the
isomorphism of Theorem @ restricts to an isomorphism

05 (G S 61,

of G"K”l-modules, where Oxm denotes the integral closure of Ok in K™. In particular, there exists an
isomorphism

G (G S L

of G%“ -modules. o
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Speaking from an intuitive level, the Gg“ -module €, can be recovered entirely group-theoretically
from the filtered profinite group G'#+!.

Proof. Let Hy = Gal(K™*'/Lg) € 7,(G"*') for each 0 € {1,2}, and assume that H; 2 H,. By
construction, we have U’ (Hg) = Gibm (e¢xer,). Under the isomorphism Artii‘: Gibm (0+) — UL, (1),
the subgroup Gzibu (exer,) is mapped onto Uy, (ekey,), which is again mapped onto p
under the p-adic logarithm

€K€Ln _ &K 5+
I, =Pk O

= log
ULD(I) ®ZPK QpK —_— LS.

Hence we have the following commutative diagram

E,Art_1

L ,log
GaLb (SKeLl) —]> ULl (sKeLl) — PZK@ZI

1

12 I I
= Art, !

L ,log
GaLbz(gKeLz) —2> ULz(gKeLz) EE— P;K@ZZ

113

113

of G%”—modules, which is compatible with the above commmutative diagram (B). By passage to the
limit, we see that the isomorphism of Theorem 6.2 restricts to the isomorphism

PO (G = lim G (sxer) = pgkOfn = lim peX oy,
L/K L/K

where L/K runs through the finite Galois subextensions of K™ /K. Therefore, we obtain the desired
isomorphism, by multiplying both sides by p[_f’{. O

7 Abelian p-adic representations

Hodge-Tate numbers

Let G be a profinite group, and (p, V) an £-adic representation of G for a prime number ¢. For an ¢-adic
character y: G — Z7, we shall write Z,(y) for the Z,-representation (y,Z}) of G, and V() for the
{-adic representation V ®q, (Q¢ ®z, Z¢(x)) of G.

Let K be a mixed-characteristic local field. Recall that, for a pg-adic representation (p,V) of Gg
and an integer 7, the i™ Hodge-Tate number dﬁT’ x(p,V) of (p,V) is the dimension of the K-vector space

(CPK ®Q,,K V(—i))GK s

where V(=i) = (p(=i),V(=i)) denotes the (—i)™ Tate twist V(XI}i) of V. From the theory of p-adic
representations, it is known that

Z diyr x(p. V) < dimg,,, (V),
i€l

and we say that (p, V) is Hodge-Tate when the equality holds (cf. [S, §5.1]).
Lemma 7.1. Let (p,V) be a pk-adic representation of Gg. Then we have

Gk

(CI,K %0, V)GK _ (%((Kalg)lﬁer (p)) 80, V) ] (7
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Proof. We choose a basis vi,...,v, of V. For each o € Gk, we shall write (a;;(c)) € GL,(Q,,) for
the matrix of the linear transformation p, = p (o) with respect to the basis vi, ..., v,, so that

(Poe(V1) =+ po(vn)) = (vy -+~ Vn)(aij(o-))~

Suppose that ¢y, ...,c, € Cp, and that ¢y ® vy + -+ - + ¢, ® v, belongs to the left hand side of (H).
Then for all o € Gg,

cI®vi+:-+c, ®vy O—(Cl) ® po(vi) +--- +O—(Cn) ®,00—(Vn)

= Za’(cj)alj(a') QV)+---+ Zo-(cj)anj(cr) ® vy,
7= 7=
and hence
cl o(c1)
= (a;j(0))
Cn o(cn)

In particular, we have

Cl®Vi+- -+, @V, € Cis’;(p) ®Q,, V = F((K¥2)Ker (p)) ®qQ,, V.

P

since it holds that o-(cy) = ¢y,...,0(cn) = ¢, for all o € Ker (p). (Note that, for any closed subgroup
H of GK,
H _ lg\H
Cox = CUK™)™)
by the theorem of Ax-Sen-Tate—cf. [22], [3], [5, Chap. 3].) O

Definition 7.2. Let G be a profinite group, and let (p, V) be an £-adic representation of G for a prime
number £. We shall say that (p, V) is an m-step solvable €-adic representation of G for an integer m > 0
if p annihilates GI”™]. We shall also say that (p, V) is abelian (resp. metabelian) if it is a 1-step (resp.
2-step) solvable ¢-adic representation of G. o

Let G be a filtered profinite group of MLF"*!-type for an integer m > 1; we set p = p(G™). Let
(p,V) and y be a p-adic representation and a p-adic character of G, respectively. We shall write

. .\G
digr (G o p,V) 1= dimg, (€1 (G) ®q, V(x ™)) /d(G™)

foreachi € Z.

Proposition 7.3. Let K be a mixed-characteristic local field, and let m be an integer > 1. Given an m-step
solvable p g -adic representation (p,V) of Gk, it holds that

iy (G X (G, p.V) = dipy 1 (p.V)

foreachi € Z. o

Intuitively speaking, the i Hodge-Tate number of such (p, V) (and hence the issue of whether or not
such (p, V) is Hodge-Tate) can be determined group-theoretically from the filtered profinite group G’;g”
and its action on V.

Proof. We have

. ) \Gx
diyr (GRF Y (GIE™), p,V) = dimg,, (€(K™) @q,, V(D)) /dx

Gk
= dimg (€ (K"™) ®q,, V(i)
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from Theorems , and @ Since both p and yx annihilates G, we see that

(Con @0, V(-0)) " 2 (€K™ &g, V(-0) " 2 (G D) 0, Vi)™,

and deduce the desired equality from Theorem . O

Uniformizing representations

Let (p, V) be a px-adic representation of G g for a mixed-characteristic local field K, and E /K a finite ex-
tension such that £/Q),. is Galois. Suppose that V is an E-vector space of dimension 1 and the G g-action
on V is E-linear. Then we see that p: Gk — Autg, (V) factors through p: G?? — E*. In particular,
(p,V) is an abelian representation. We say that a representation (p, V) of this type is uniformizing if
there exist an open subgroup / € Uk and a field homomorphism ¢: K — E such that

(p o Artg)|r = ]y,
where (¥ : K* — E* is the group homomorphism induced by .

Example 7.4. Given any finite extension E /K such that E/Q, is Galois, V = E™ can be regarded as a
uniformizing representation by local class field theory. More precisely, we define the G k-action on V via
the composition

Ver

p: G® G (= G®(0) ® Gal(E™/E)) —» G®(0) — Ug

of continuous homomorphisms, where the second (resp. third) arrow is the natural surjection (resp. the
isomorphism ArtEl ). o

Proposition 7.5. Let K be a mixed-characteristic local field, and let E | K be a finite extension such that
E/Qp is Galois. Suppose that (p,V) is an E-linear representation of Gk, of E-dimension 1. Then
(p, V) is a uniformizing representation if and only if

[E:K]([K:Qpel-1) i=0

th’K(p’V):{[E:K] i=1

Proof. cf. [[19, Chap. III, AS], [[14, §3]. O

Corollary 7.6. Let K, and Ko be mixed-characteristic local fields, a;: G;?b - Grlgf‘b an isomorphism
of filtered profinite groups. Suppose that E[Qp, (= Qpy.) is a finite Galois extension containing both
K, and K., and that (p,V) is an E-linear representation of G, of E-dimension 1. Then (p o a/l_l, V) is
a uniformizing representation of G, if and only if (p, V) is a uniformizing representation of Gg,, where
ar: G%’o - G%’. is the isomorphism induced by a;. o

Proof. 1t follows immediately from Theorems @ and . |

8 Proofs of the main theorems

Lemma 8.1 ([14, Lemma 4.1]). Let K be a mixed-characteristic local field, and I an open subgroup of
Uk. Then the sub-Q . -vector space generated by I in K equals K. o
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Proof. We denote by W the sub-Q,,, -vector space generated by / in K. First, observe that / is an open
subset of K, since Uk is open in K. Then note that, for each w € W, w + I € W; hence W is also an
open subgroup of K. Therefore, the Q. -vector space K/W (= QPK’ where d = dg — dimq,,, (W)) is
discrete, meaning that dx = dimgq, (W). O

Proof of Theorem P . We denote by @ the isomorphism Galb - Gab induced by a;. We set p :
Pk, = Pk.. and choose a finite Galois extension E/Q), that contains both K, and K,. As we have
seen in Theorem [/.4, we have the natural uniformizing representation (p., V := E*) of Gg,; it is clear
from Theorem that (0o = pooay V) is also a uniformizing representation of Gg,. Hence there
exist an open subgroup I, (resp. I,) of Uk, (resp. Uk,) and a field homomorphism ¢,: K, — E (resp.
te: K¢ — E) such that a;(/,) = I, and the diagram

commutes. In particular, te|, © @[, = to|z,, and by Theorem , to(Ks) = te(K,) in E. Therefore, we
have the following field isomorphism:

_—

f: Ko —>LO(K)—L.(K)—>K

Proof of Theorem @ We keep the notation and hypotheses of the proof of Theorem @

Existence. We suppose that, for each i € {1,2},

s L; g is a finite Galois extension of K contained in K”**! for each 0 € {o, o};
* Hin=Gal(KZ™"[Li ) (2 (GE)+!) for each 0 € {o, o};
* Hi,' = a’m+3(Hi,o),

and that L1, C Lyo. Then a,43| H:.: Hio — H;. is an isomorphism of filtered profinite groups by
Theorem Hence @m+3|H; , induces an isomorphism a3 ; : Gmab H“[lab — Gmab Hmab of filtered
profinite groups. As we have seen in the proof of Theorem @ there ex1st an open subgroup I; o (resp.

Ii ) of Ur, , (resp. Uy, ,) and a field isomorphism 6y, ,: L; o — L; e such that o ;(;,c) = I; » and 6,
(set-theoretically) extends the group isomorphism a1 |, , : 1;,c — I;,e, Where @ ;: Gab Gab is the
isomorphism induced by a» ;. We can assume without loss of generality that I; , C 12 os replacmg 1o
with 11 , N I, if necessary; the diagram

Il,o é 12,0

\La’l,l 1y o \L(ll,zhz,o

Il,- i) 12,-

commutes by definition. It follows immediately from Theorem B. 1| that 6, , restricts to 6, _; by passage
to the limit, we obtain
0 +1: Km+l Km+1
m *« -
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It remains to check that 6, satisfies the stated condition: Assume without loss of generality that
I; o is Gk -stable for each O € {o, }. By Theorem , it is reduced to showing that, for all y, € G’K":’3
and x € I, .,

a1,i(¥o(x)) (= 0, . (Yo (x))) = 7Yelari(x)) (= ye(01,.(x))),
where yo = @;,,+3(o). This holds since we are regarding /; 5 as a subgroup of GHILE _ via Arty, , and
al,i('}’0|L§lbo co o ')’o_llL;}bo) = 70|L;1b. ° a’l,i(o') © 7:1|L?b_
forallo € G .

Uniqueness. Suppose that both isomorphisms 6,,41,1, Om+1,2: Kg”“ — KL"“ satisfy the condition. Then
there exist isomorphisms 61, 65 : Kflg — Kflg that respectively extend 6,411, @m+1,2; We have

(v =) (62)7" 061 € Gal(K*/Q,)
and
Ylgm oo o ’)’_1|K;n+1 = (Oms12) " 0 0mi1.1 00 0 (Ons1.1) ' 0Omi12 =0, forallo e G%:A- (8)
Hence we see that, for all x € K,
Vi © Artk, () 0y e = Artg, (x),

and y(x) = x by local class field theory; it follows that y € Gal(Kflg/Ko) (i.e., Omr1.1lk, = Om+12|K.)-
Furthermore, y|gm+1 € Z (G%:l) by (8); together with the fact that Z (G%:l) is trivial for m > 1 (cf.

Theorem ), we conclude that 7|Kgn+1 =1G.e., Ops1,1 =Omy12)ifm > 1. O

A Center-freeness of G, m > 2

This appendix is devoted to the proof of the following proposition.

Proposition A.1. Let K be a mixed-characteristic local field. Then

Z(G) = {1}
Jor all integer m > 1. o
Remark. Theorem has been originally proved by S. Ladkani [[1 1] for the case m = 1. (It is known

that the assertion for general m follows from the case m = 1 by induction, cf. [[18, Proof of Proposition
1.1 (ix)].) In this appendix, we provide an alternative proof of the proposition. ©

To prove Theorem , we first give a proof of a weaker statement.

Lemma A.2. Let K be a mixed-characteristic local field. Then
Z(GP*) € Gal(K™! /K™)
for all integer m > 0. o
Proof. Suppose that y € Z(G%”). Thenyoco oy ! =g forallo e G;’;”. Let L/K be a finite Galois
subextension of K /K, so that L® C K™*! We see that, for all x € L*,
Y|pa o Artp(x) o 'y_llLab = Artz (x),
and y(x) = x by local class field theory. Therefore, ¥y € Gal(K"*!/L), and the assertion follows as the

subextension L/K is arbitrary. O
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Remark. For the case in which the base field is torally Kummer-faithful (cf., e.g., [[1§, Definition 1.5], for
the definition of (torally) Kummer-faithful fields), a claim similar to that of Theorem holds: Let k be
a torally Kummer-faithful field, and m an integer > 0. Then

Z(G™N) N Ker (Yeyerx: G — (Zjr)™) € Gal(k™*! /k™)

holds. (Compare [8, Proposition 1.5].)

There is nothing to show if m = 0. For the case m > 1, we give a proof by contradiction. Assume
that there exists an element y € Z (GZ”I) N Ker (Ycyel,x) which does not belong to Gal(k™*1/k™); let
¥ € Gy be alifting of y. Then we can choose a finite Galois subextension //k of k" /k, such that the
corresponding open normal subgroup Gal(k”*! /1) does not contain 7.

Since k is torally Kummer-faithful, we have the injective homomorphism

X : X x\n ~ gyl : sep
P Bim /(1) = (G lim (k)

n n

of Gx-modules. (n runs through the integers > 1 whose prime factors belong to Primes, /,.) We deduce
a contradiction by claiming that ¥ acts trivially on H' (G, gnn 1y (k5P)), and hence on [*.
For all o € G;, we have

(£o =) o7 oy e I (c 6™ c 6y,

sincey € Z (G’/?“). On the other hand, the action of ¥ on H'(Gy, 1, (k*P)) for each n is determined as
follows: For each 1-cocycle (i.e., crossed homomorphism) w: G; — u, (k*°P),

Jo(=) =7 0F =P =G -7).
Therefore, it suffices to show that
Jw(=)/w(=) =wF = P)w(=) =w(-- £ /(=) = (=) wE-))
[m+1]

k 9
which follows from the fact that w| ;) is a group homomorphism (as G,Em] acts trivially on u, (£5P)). ¢
k

is a 1-coboundary. This is straightforward, since it holds that w(&) = 1 forall 1-cocycle w and ¢ € G

Lemma A.3. Let K be a mixed-characteristic local field, and let L /K be a finite extension with inclusion
mapt: K — L.

e group homomorphism LA : KX —s LX is injective.
(1) The group h ‘phi X K% L* j

e transfer map Ver: — is injective.
(2) Th p Ver: G — G is injecti

(3) It holds that (LX)Ck = KX,

Proof. (1) We set e := ey /ex. We consider the following commutative diagram (of abelian groups) with
exact rows:

| S Ug Y KX y Z* S
l l le.m : )
1 s Uy Y px MLy g S 1
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By profinite completion, we obtain the following commutative diagram, in which all rows are exact:

1 > Uk > K > LF > 1
, / /
// // o // le‘(_)
; / /
, / 7
1 y U —> L — 2+ —— 1
,/ / / / / /
, / / // / //
v/ / V / V /
/ — / = //
1 > UK 7 > K* // > V/ 7 > 1
; / /
— 7/ /
,/ \LLX/ \Le (=)
\ A A
| —> U — LX — Z* > 1

Since e is not a zero-divisor in Z, we can conclude that the map ¢*: KX — L* is injective.

(2) Artg and Arty, respectively induce the isomorphisms Artg : K* — GEI‘? and Arty : LX —

(cf. p. ); these fit into the following commutative diagram:

L
K —= G

~ .
X —=5 G

Hence the injectivity of Ver is implied by that of 1%, which we have already seen in (1).

(10)

ab
GL

(3) By (1), we can assume without loss of generality that L/K is a finite Galois extension, with Galois
group G = Gal(L/K). Then it follows that (E) and () are also commutative diagrams of G-modules; in
(), we see that the second and fourth rows from the top induce the long exact sequences, and make the

following diagram commutative:

ordy, |gx

s 7+ —° 5 HY(G,U) — H'Y(G,L)
! |
4 H :
1 s Ux s (LX)G s Z+ —2% HY(G,U;)) —> H'(G,L%)

The connecting homomorphism §: Z* — H'(G, Uy ) induces the injective homomorphism

(Coker (ordy |xx) =) (Z/eZ)* — H'(G,Up),

—which is an isomorphism by Hilbert’s Theorem 90—and as a result, eZ* is annihilated by 6: AR

H'(G,Uy). Therefore, the diagram

I — Uk > K > Z* > 1
A
I — Ug — (9 — Z* —2 H'(G,UL)

with exact rows commutes, and yields the exact sequence of cokernels:
1 = (LX)S/K* — (Z)eZ)* = H'(G,Uy).

Hence (Z;)G = K*.
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Proof of Theorem . By definition, Z (G%”) is precisely the set of G g-invariant elements in G%” , if
we let Gk act on G%“ by conjugation. Hence it follows from Theorem @ that

Z(G7) = Gal(K™*! / k™) Ok,

To demonstrate that Gal(K"*!/K™)Ck is trivial, we first note that Gal(K"*!/K™) can be written as an
inverse limit of profinite groups:

Gal(Km+1/Km) — ka]/ka”] — (ka])ab

ab ab
=l () H| =| lm H| = lim H®
— —
HeZn (Gk) Hem(Gk) Hedm(Gk)

where %, (G k) is the set of open normal subgroups of G g containing G Lm] , ordered by reverse inclusion.
(For the last equality, cf., e.g., [[16, Chap. 1V, §2, Exercise 6].) Suppose that L; /K, L, /K are finite Galois
subextensions of K™ /K with L| C L,. It is clear from local class field theory that the diagram

ArtLl
— L{

TNLZ/LI

Ly

ab
GLl

ab Art L,
G L

commutes, where the left vertical arrow is induced by the inclusion map Gy, — G, and Ny, is the
norm map. We obtain the commutative diagram

b , = 7x
G <— LY

T TNLZ/LI

b =
G, L}

by profinite completion, and the isomorphism
lim  H® > lim LX
— —
He (Gk) L/K

which respects the G g-action, by taking inverse limits. Hence

m+1 m\Gk ~ 1 X
Gal(K™*! /K™% = lim KX (11)
L/K

by Theorem @ (3). (Note that the limit is taken over the inverse system in which the homomorphism
(Fhls KX (= (L)) - KX (= (L))
is assigned to each pair Ly C Lj.)

It remains to show that if x = {xz };/x belongs to the right hand side of (), then x; = 1 for all
L/K. This can be verified as follows: For all n > 1, we can always find a finite extension L ,)/L such
that [L(,) : L] =nand L,) € K™, e.g.,

Ly = Lz, -1 (K™9)).
Therefore, x;, = (xL(n))” for all n > 1, and hence
xe e (K%)= (1),
n>1

which proves the claim. O
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B Notes on pro-p and pro-2 quotients

Let k be a field. For a subset = C Primes, we denote by kP> the maximal pro-X extension of k, i.e.,
the subfield of k%P fixed by the kernel of

-2
G —~» Giro i

so that Giro'z equals Gal(kP™% /k). We also denote by k" P2 the maximal m-step solvable pro-X
extension of k, i.e., the subfield of k*°P fixed by the kernel of

) -2
Gr» G777,

m, pro-%

so that G X

equals Gal(k™P™% /), for an integer m > 0. We will often write

kab, pro-X kmab, pro-E)

(resp.

for the maximal abelian (resp. metabelian) pro-X extension k'-P% (resp. k%P of k.
Let K be a mixed-characteristic local field. In this appendix, we sharpen several results from §§ and
B by presenting explicit group-theoretic algorithms that recover key arithmetic invariants of K from

m, pro-X¢

m, pro-2x
G K ,

K or G

where 2k (resp. 2 ) is a subset of Primes containing all prime factors of px (resp. px (px —1)). Then
we conclude this appendix by demonstrating Theorem , which is a refinement of Theorem P.4.

Definition B.1. Let % be an element of {0, m, ab, mab}, where m is an integer > 0. Let G be a profinite
group. We shall say that G is a profinite group of

MLF*P>_  (resp. MLF*P*".)
type if there exists an isomorphism of profinite groups between G and

*, pro-2 *, pro-27
Gk (resp.GKp K)

for some mixed-characteristic local field K and some subset 2k (resp. 27%) of Brimes containing all
prime factors of px (resp. px(px — 1)). We define filtered and /-filtered profinite groups of

MLF*P>_  (resp. MLF*P*".)
type for a closed interval I C [0, +o0) in a similar way. o

Suppose that G is a profinite group of MLF?® P> _type, i.e., there exists an isomorphism

G ; GZ;E,PFO-ZK

of profinite groups for some mixed-characteristic local field K and some subset Zx of Primes containing
pk. We denote by p(G) the uniquely determined prime number ¢ such that

10g/|G jtor/€ - G jtor| = 2
(cf. p. ). Furthermore, we set:
* £(G) =1 (resp. &(G) :=2) if p(G) is odd (resp. even);
* a(G) = Ing(G)|(Gtor)pr°'p(G)|;

* d(G) = logp(G)lG/tor/p(G) : G/t0r| -1
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Proposition B.2. Let K be a mixed-characteristic local field. We have

ab, pro- ZK) ab, pro- EK) ag = a(Gab , pro- ZK) dK — d(G;‘;’pm_ZK),

rk =p(Gy ex = &(Gy

for any subset Xk of Primes containing pg. o

Intultlvely speaking, pk, €k, ag and dg can be recovered entirely group-theoretically from the profi-
nite group Ga pro-2k.

Proof. The proof is parallel to that of Theorem . O

Restoration of the cyclotomic character
Definition B.3.

(1) A mixed-characteristic local field K is said to be of p-cyclotomic type if K contains a primitive
(px )™ root of unity.

(2) Let % be an element of {0, m, ab, mab}, where m is an integer > 1. A profinite group G is said to
be of p-cycl-MLF*>P% _type if there exists an isomorphism of profinite groups between G and

G;;’ PrO-2K for some mixed-characteristic local field K of p-cyclotomic type and some subset 2k of

Primes containing px. We define filtered and I-filtered profinite groups of p-cycl-MLF*:Pro-_
type for a closed interval I C [0, +c0) in a similar way.

o

Suppose that G is a profinite group of either MLF™ P2’ type or p-cycl-MLF™:Pro-2_type  We
put p = p(G®), and choose a decreasing sequence

G=HyoH12---2H,2:---
of open normal subgroups of G such that
() HP[p"] = (Z/p"2)*;
(ii) G/H, is abelian,
for each v € Z.

o If G is of MLE™P2"_type_ then there exists an isomorphism

J: G i Gzab,pro-ZI}

of profinite groups for some mixed-characteristic local field K and some subset 2} of Primes
containing all prime factors of px(px — 1). Such a sequence {H, }, satisfying (i) and (ii) exists:
Let {py € K2 be a primitive ( p;)‘h root of unity for each v 2 0. Then [K(¢ pr) © K] divides

l(pK — 1) forall v > 1. Hence K({py) C K- Pro-2k and we can choose
H, = o'~ (Gal(K™™ P2k [K ({,1))).

For each 0 € {v, v + 1}, let Ly be the field fixed by o’ (Hy). Then Ly is contained in K" pro-Z
and we have the following commutative diagram:

=, ab, pro-Xg =, :

(Lif)/\’pro-ZK s G s Hab

\L /\,pro-E’ \LVGI‘ ’

YA pro-Zg L ab, pr"z _v+1> b

v+l

(L*

v+1

where « is the isomorphism of profinite groups induced by o’ and r/, denotes the isomorphism
(Arty )" P2k,
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s If G is of p-cycl-MLF™ P2 _type, then there exists an isomorphism
a: G i Gzab,pro—EK

of profinite groups for some mixed-characteristic local field K of p-cyclotomic type and some
subset 2k of Primes containing px. Such a sequence {H, }, satisfying (i) and (ii) exists: Let
{py € K2 be a primitive (pl"<)th root of unity for each v > 0. Since {},, € K, K({py)/K is an
abelian p g -extension, and we can choose

H, = o' (Gal(K™® P K [K ({0 ).

For each 0 € {v,v + 1}, let Ly be the field fixed by a(Hg). Then Lg is contained in K2 Pro-2x |
and we have the following commutative diagram:

=3 a_l

XA, pro-2; =y ab, pro-2x , @, ab
(LV) p K % GLV % HV

lg Aspro-2 g lVer >

- o ol
(LX )/\,pro-ZK =,rv+l; Ge:),plro—ZK _’av+l; g
v+

v+1 v+1

where ap is the isomorphism of profinite groups induced by @ and ry denotes the isomorphism
(ArtLD)/\, pro-Xx .

We see that the transfer map Ver: H® — H i'il restricts to an injective homomorphism H®[p”] —

Hf‘}i 1l p”*1] in both cases; we obtain the inverse system

(-)P (-)P
C—— H® [p"*] —— H®[p"]

—)P )P
S )

of G-modules by identifying H2®[p”] with a subgroup of H%®  [p¥*!]. By passage to the limit, we obtain

v+1

T(G) = lim H}[p"].
24

We shall write
x(G): G — Au(T(G)) (=Zy)

for the p-adic character of G attached to T'(G). The proof of the following proposition (and that 7'(G) is
well-defined up to isomorphism) follows the same steps as that of Theorem p.2.

Proposition B.4. Let K be a mixed-characteristic local field, and let Xk (resp. X}.) be any subset of
Primes containing all prime factors of pk (resp. px(px — 1)).

mab, pro-2 I'< )

(1) The pk-adic cyclotomic character xk factors through x (G

mab, pro-Zx )

(2) If K is of p-cyclotomic type, then xk factors through x (G

Intuitively speaking, yx can be recovered entirely group-theoretically from:

mab, pro-2 I’< .

¢ the profinite group G, ;

mab, pro-Zx

¢ the profinite group G , if K is of p-cyclotomic type.
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Ramification groups in upper numbering: Wild inertia groups

We fix a real number § € (0, 1] throughout this appendix. Let m be an integer > 1, and let G be a
[0, 8]-filtered profinite group of MLF"*1-Pr-> _type. We set

G(0+) = U G(v).

ve(0,5]

Let %,,(G) denote the set of open normal subgroups of G containing GI™!, ordered by reverse inclusion.
For each H € %,,(G), we denote by U(H) the image of H N G(0+) under the natural map H —» H®.

We first claim that, for Hy, H, € #,,(G) with H| 2 H,, the transfer map Ver: Hi‘b — H;‘b restricts to
U(Hy) — U(H3), and that {U(H)}yex,, () forms a direct system of G-modules, together with V; » :=
Ver |yw,): U(H1) — U(H>) for each pair H; 2 H,. Suppose that:

« there exists an isomorphism (%4l G — G?H’p 2K of [0, ¢]-filtered profinite groups for some

mixed-characteristic local field K and some subset 2k of Primes containing pg;

« for each O € {1,2}, the image of Hy under a!%%) equals Gal(K™*1-Pr-2k /[, .), where Ly/K is a
finite Galois subextension of K P2k

Note that
Gal(KmH,pro—ZK/LD)ab — Gal(KmH/LD)ab, pro-Xx _ Gi:, pro-Xx

by Theorem B (and hence H2 is a profinite group of MLF*> P> _type). The isomorphism

[0,6] . ryab ab, pro-2x
ag i Hy — Gy ”

induced by %91 fits into the following commutative diagram:

=,r

~ 10,61 -1
= a
ab Y ab, pro-Zx ! X\A, pro-Zg
H® = G — (L))

lver lg/\,pronK ’
~ 0.6

, o

1 —1
ab "2 ab, pro-2x 1 X\ A, pro-2x
H? Gy — (L)

where rg denotes the isomorphism (Art;_ )" P2k Since Hy N G(0+) C G is mapped onto
Gal(K™*1- P25 /10) 0 Gt P2 (04) = Gal (K™ P25 /1) (0+)
under a!%°!, U(Hg) € H is mapped onto GaLt;’pm'ZK (0+) under afl[jo’é]. It follows that

(r5" o @™ (U(H) = r5 (G, "X (04) = U, (1)

for each O € {1,2}; the claim holds, since Ur, (1) is mapped into Uy, (1) under the right vertical ar-
row. It also follows immediately that {U(H)}geg,, () is a direct system induced by the direct system
{UrL(1)}r/k, where L/K runs through the finite Galois subextensions of K™ Pro-2k /K each U(H) is a
(topological) Z,,-module of finite rank, where p = p(G®) = px. Hence we obtain a direct system

{UH) &z, QP}HEZ’m(G)

of G-modules; we set
,pro-%, " .
RrPTG) = lim (U(H) ®z, Qp).
He%,,(G)

The proof of the following proposition follows the same steps as that of Theorem .
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Proposition B.5. Let K be a mixed-characteristic local field, and let Xk be any subset of Primes con-
taining pk. Let m be an integer > 1. Then there exists an isomorphism

KM pro—2,+(Gm+1, PrO-ZK) = K™ pro-Zk ,+
K

+1, -2
of G P K Lmodules. o

K

. . cpe +1, -2 - .
Speaking from an intuitive level, the G~ ***“*-module K™ P=K-* can be recovered entirely
m+1, pro-2x

group-theoretically from the [0, §]-filtered profinite group G

Restoration of the absolute ramification index

Let G be a [0, 1 + 6]-filtered profinite group of MLF P> _type. We set:
* f(G) =1og,)|G(1)/G(1 +5)];
* ¢(G) =d(G)/f(G).

Proposition B.6. Let K be a mixed-characteristic local field. We have
ex = e(Gab,pro-ZK) fK — f(Gab,pro-ZK)
K ’ K s

for any subset Xx of Primes containing pg. o

Intuitively speaking, ex and fx can be recovered entirely group-theoretically from the [0, 1 + ¢]-

filtered profinite group G- P"*K

ered p group G .
Proof. We have

b, pro-% b, pro-%
G POEE (1) /G PR (14 6)] = [(1+ p) /(1 + p})| = [T | = piX.

Hence the second equality follows. The first equality follows from the second equality, together with
Theorem . m|
Ramification groups in upper numbering: Higher ramification groups

We now assume that G is a filtered profinite group of MLE™*!-P"-> _type for an integer m > 1, i.e., there
exists an isomorphism of': G — Gz“’ PrO2K of filtered profinite groups for some mixed-characteristic
local field K and some subset Xk of Primes containing px. For any closed normal subgroup N of G
and any H € %,,,(G), we shall regard G/N and H as filtered profinite groups in the manners described
in §E We shall also regard H® as a filtered profinite group (of MLF> P _type) by setting

Hab(w) = H(W)H[l]/H[l]

for each w > 0. We denote by U(H, w) the group H*®(w).
We claim that, for Hy, H, € %,(G) with H; 2 H,, the transfer map Ver: H%®> — HZP restricts to

U(Hy,£(G)e(H}")) — U(Ha, &(G)e(H5")),
and that if we denote by U’ (H) the group U(H, &(G)e(H™)) for each H € #,,(G),

{U'(H)}Yrew,(6)

forms a direct system of G-modules, together with V{ , := Ver |y (g, : U'(H) — U’(H>) for each pair
H, 2 H,. Suppose that, for each O € {1, 2}, the image of Hy under ot equals Gal(K"™+1-Pro-2k /T,1),
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Gab, pro-Zx

where Ly /K is a finite Galois subextension of K™ Pk | Then the isomorphism afilt: H2 Pl

induced by o fits into the following commutative diagram:

~ -l
_,a = r
Hab 1 Gab , pro-2x 1 1 (LT)A’pm_ZK

lver lg A, pro-2x s
-1

,(x =,
Hab 1 Gab , pro-2Zg 2 1 (L;)/\,pro—ZK

where rg denotes the isomorphism (Art;_)"P*K . Since Hy(w) is mapped onto
Gal(K™Pro2K [ 0) (w)
under ™|z forall w > 0, U’ (Hg) € H is mapped onto
b, pro-Z;
G P (5(G)e (HE))
under o', Tt follows from local class field theory that
(r5" 0 af)(U'(Ho)) = rg (G- " ¥ (£(G)e(HY)) = r5 (G- " (eker,)) = UL, (sxery,)

foreach O € {1, 2}; the claim holds, since Uy, (¢x ey, ) is mapped into Uy, (ex er,) under the right vertical
arrow. Therefore, we obtain a direct system {U’(H)} geg,, () of G-modules in a way similar to the way
in which we obtained {U(H)}gew,,(G)- We again put p := p(G®™) = px. We set:

@km proZ(G) = p—s(G) ll_II)l U/(H) c k™ pro—2,+(G) = h_I)n (U(H) ®Zp Qp) s
HeZ,(G) HeZ,(G)
%km pro-2' (G) -

b (62 ()" Oz (O)) | €2, Q-

The proof of the following proposition follows the same steps as that of Theorem @

Proposition B.7. Let K be a mixed-characteristic local field, and let Xx be any subset of Primes con-
taining pk. Let m be an integer > 1. Then the isomorphism of Theorem restricts to an isomorphism

m+1,pro-Zg\ = +
@km pro-% (GK ) - KM pro-Sg

+1 -2 . : - H
of GZ "POK modules, where Ogm.po-s denotes the integral closure of Ok in K™ P> . In particular,

there exists an isomorphism
Cg+

Jem, pro-X

(Gzﬂ,pro—ZK) (g+

K™ pro-2g

Ome+l, pro-2x

K -modules. o

Speaking from an intuitive level, the Gm+l PO2K_module €

om.pro-xx CaN be recovered entirely group-

m+1, pro- ZK

theoretically from the filtered profinite group G

Abelian pro-2 representations

Let G be a filtered profinite group of MLF"*!-P-% _type for an integer m > 1; we set p = p(G®). Let
(p,V) and y be a p-adic representation and a p-adic character of G, respectively. We shall write

. \G )
it o5 (G o, V) = dimg, (B o (G) B, V(X)) /d(G*)

foreachi € Z.
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Proposition B.8. Let K be a mixed-characteristic local field, Xk (resp. 2}, ) a subset of Primes contain-
ing all prime factors of px (resp. px(pk — 1)), and m an integer > 1. Suppose that (p,V) is a px-adic
representation of Gk.

m, pro-2y

(1) If p factors through G . K, then

m+1, pro-27 mab, pro-

. > .
leT,m,pro-Z(GK K’X(GK 5),p,V) = leT’K(p’V)

foreachi € Z.

m, pro-2x

(2) If K is of p-cyclotomic type and p factors through G . , then

j 1, pro-2 ab, pro-X; j
d;{T,m, pro-Z(GZ-F P K’X(sz P K), P> V) = th’K(p, V)

foreachi € Z.

The assertions of Theorem @ can be translated into intuitive terms as follows:

(1) If p factors through Gg’pro_z’%, then the i Hodge-Tate number of (p,V) (and hence the issue

of whether or not (p,V) is Hodge-Tate) can be determined entirely group-theoretically from the
m+1, pro-27

Jfiltered profinite group G K and its action on V;

m, pro-2x

(2) If K is of p-cyclotomic type and p factors through G , then the i Hodge-Tate number of
(p,V) (and hence the issue of whether or not (p,V) is Hodge-Tate) can be determined entirely
group-theoretically from the filtered profinite group GZH’ Pro-2K and its action on V;

Proof. (1) We have

m+1, pro-27p. mab, pro-X'y

. . 5 \ Ok
e 2 G (G, = dim (K7 e, V()

from Theorems , EI] and @ Since both p and y annihilates

Ker (Gg —» G';;’ pr0_2’(),

we see that

Gk , Gk i \Ck
(C[)K ®QPK V(_l)) D (cg(Km,Pro—EK) ®Q’,K V(_l)) - ((‘g((Kalg)Ker (o( ))) ®QI’K V(_l))

By applying Theorem , we deduce the desired equality.
(2) Similarly, we have

. Gk
1, -2 ab, -2 . - .
Bt £ GG 50) V) = dim (K 77) 3, ()

Since both p and yk annihilates
Ker (Gg —» Gl POk,
we see that

(Con @0, VD) 2 (BUR™P) @, V(i) 2 (GRS ) gg, V(i)

By applying Theorem [/.1] again, we deduce the desired equality. O

Proposition B.9. For each O € {o, o}, let K be a mixed-characteristic local field, Zx_ (resp. X I,<D )a
subset of Primes containing all prime factors of pk., (resp. px.,(pk, —1)).
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(1) Assume that

mab, pro-2y. = mab, pro-2z.
@2, pro-X’ - GKO Koo K. K

is an isomorphism of filtered profinite groups, and E[Qp, (= Qpy.) is a finite Galois extension

containing both K, and K.. If (p,V) is a 1-dimensional E-linear representation of Gk, such that

p factors through
ab, pro-27 .

Gy ,

then (p o (al’pm_g)‘] , V) is a uniformizing representation of Gg, if and only if (p,V) is a uni-
formizing representation of Gg,, where

ab, pro-% 1,<o

ab, pro-% I/<.
@1, pro-X’ - GKO

iGK.

is the isomorphism induced by a3, pro-3.

(2) Assume that K, and K, are of p-cyclotomic type,

. ,~mab,pro-Zx, = mab, pro-Z'x,
@32, pro-X - GK0 - GK.

is an isomorphism of filtered profinite groups, and E[Qp, (= Qpy.) is a finite Galois extension
containing both K, and K,. If (p,V) is a 1-dimensional E-linear representation of G, such that

p factors through
ab, pro-2Zx,
Gy ,

then (p o (a1, pro- >)~L, V) is a uniformizing representation of G, if and only if (p,V) is a uni-
Jformizing representation of Gg,, where

ab, pro-Zk, 5 Gab, pro-2k,

@1, pro-X - GKO K.

is the isomorphism induced by a3 pro-x.

Proof. It follows immediately from Theorems @ and @ m]

Theorem B.10.

(1) Let K, and K. be mixed-characteristic local fields, and let X~ l,<m be a subset of Primes containing
all prime factors of pk,(pk, — 1) for each O € {o, o}. If there exists an isomorphism

mab, pro-%’ I’(o =~ mab, pro-% I’<.
@2, pro-X’ . GKO — Uk,

of filtered profinite groups, then there exists an isomorphism f: K, — K,.

(2) Let K, and K be mixed-characteristic local fields of p-cyclotomic type, and let 2k be a subset of
Primes containing pg, for each O € {o, o}. If there exists an isomorphism

. ,~mab,pro-Zx, = mab, pro-Zx,
@32, pro-X - GKO - GK.

of filtered profinite groups, then there exists an isomorphism f: K, — K.
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Proof. (1) We choose a finite Galois extension £/Q,, (= Q,,,) that contains both K, and K,. If we denote

by p, the composition

Ver

po: G G® » GR(1) - Ug(l),

where the second (resp. third) arrow is the natural surjection (resp. the isomorphism Artgl), then
(po, V = E*) is a uniformizing representation of G .

_ ab, pro-2' .
??’pro PK> (and hence through G P"%Ko ). it follows from Theo-

rem @ that (pe == po © (@1, pro- p)‘l, V) is also a uniformizing representation of G g,, where

’

We see that p, factors through G

ab, pro-pk, 5 Gab, pro-pK,

@1, pro-p: G K.

is the isomorphism induced by @3, pro-x7. Hence there exist an open subgroup I, (resp. o) of Uk, (1)
(resp. Uk, (1)) and a field homomorphism ¢,: K, — E (resp. to: K, — E) such that a1, pro-p(Lo) = 1s
and the diagram

/

Artg, ab, pro-pk, Po

C
e
I, —— Ug, (1) —= Gy

E
= ailr, lé,wlluKOm \Lg’al,pro—p H
E

Pe

1. \—>— Uk, (1) —== Gj}’.’p“’"”“ 2

X

l

X

commutes. In particular, te|;, © @], = to|z,, and by Theorem , to(K,) = te(K,) in E. Therefore, we
have the following field isomorphism:

ENN

1Ko =55 10(Ko) = to(Ka) —— K.

(2) The proof of (2) follows mutatis mutandis from the proof of (1). O
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